τ(s) R, where τ is a permutation of {1, . . ., d}, s ∈ {1, . . . , d} and e 1 , . . . , e s are the positive integers. This generalizes and provides a short proof of the main results of [7, 8] . Also, we show that for every integer k ≥ 1, I
(k) = I k , if and only if Ass R R/I k ⊆ Ass R R/I, whenever I is a squarefree monomial ideal, where I (k) is the kth symbolic power of I. Moreover, in this circumstance it is shown that all powers of I are integrally closed.
INTRODUCTION
Let R be a commutative Noetherian ring, and let x := x 1 , . . . , x d be a regular R-sequence. A monomial with respect to x is a power product x The result in Theorem 1.1 is proved in Theorem 2.3. Pursuing this point of view further we establish that a monomial ideal is irreducible if and only if it is a generalized-parameter ideal.
One of our tools for proving Theorem 1.1 is the following: 
Let J be an ideal of R. Recalling that an element x ∈ R is said to be integral over J if there exist an integer n ≥ 1 and elements c i ∈ J i for i = 1, . . ., n such that
The set of all elements that are integral over J is called the integral closure of J, denoted bȳ J. It is well known thatJ is an ideal of R and that J ⊆J. If J =J, then J is called integrally closed; and we say that J is normal if for every integer n ≥ 1, J n is integrally closed.
For any regular R-sequence x := x 1 , . . . , x d contained in the Jacobson radical of R, let xR be a prime ideal of R. In the Section 3, we will obtain some results about the symbolic powers of a certain monomial ideal in R. In this section, among other things, we prove the following theorem. Here, for a positive integer n, I (n) denotes the nth symbolic power of I, which is defined as the intersection of the primary components of I n corresponding to the minimal associated primes of I.
Throughout this paper all rings are commutative and Noetherian, with identity, unless otherwise specified. We shall use R to denote such a ring and I an ideal of R. The radical of I, denoted by Rad(I), is defined to be the set {x ∈ I : x n ∈ I for some n ∈ N}. Moreover, we denote by mAss R R/I the set of minimal prime ideals of Ass R R/I. We say that x 1 , . . . , x d form an R-sequence (of elements of R) precisely when x 1 R + · · · + x d R = R and for each i = 1, . . . , d, the element x i is a non-zerodivisor on the R-module R/x 1 R + · · · + x i−1 R.
For any unexplained notation and terminology we refer the reader to [2] or [13] .
GENERALIZED-PARAMETRIC DECOMPOSITION OF MONOMIAL IDEAL
Let R be a Noetherian ring, let x = x 1 , . . . , x d be a regular R-sequence contained in the Jacobson radical of R. In this section we show that that if I is a monomial ideal of R with respect to x then I has a unique generalized-parametric decomposition of primary ideals. The main result of this section is Theorem 2.3, which extends and provides a short proof of the main results of [7, 8] . We begin with: 
the greatest common divisor resp. the least common multiple of u and v. We say that u and v are co-prime if gcd(u, v) = 1. (iv) Suppose that s is an integer such that 1 ≤ s ≤ d, let τ be a permutation of {1, . . . , d}, and let e 1 , . . ., e d be positive integers. Then the monomial ideal generated by x e 1 τ (1) , . . ., Throughout this section, R denotes a commutative Noetherian ring and x := x 1 , . . . , x d is a regular R-sequence contained in the Jacobson radical of R, unless otherwise specified.
Before we state the main theorem of this section, we need the following lemma which plays a key role in the proof of that theorem. 
Proof. Let
Then, it is clear that I ⊆ I 1 ∩ I 2 . On the other hand , in view of [10, Proposition 1], we have
Now, since gcd(w 1 , v 1 ) = 1, it follows that lcm(w 1 , v 1 ) = v 1 w 1 = u 1 , and so
Therefore I = I 1 ∩ I 2 , as required.
We are now ready to prove the main theorem of this section, which generalizes and provides a short proof of the main results of Heinzer et al. (see [7, Theorem 4.9] 
R. Moreover, such an irredundant presentation (up to the order of the factors) is unique; and if xR is a prime ideal of R, then the ideal q i is x i
Proof. Let I be a non-zero monomial ideal of R with respect to x, and let {u 1 , . . . , u r } be a minimal system of generators of I. If every u i has pure power, then being nothing to prove. So suppose that some u i is not a pure power, say u 1 . Then we can write u 1 = vw, where v and w are monomials with gcd(v, w) = 1. Hence, in view of Lemma 2.2, we have I = I 1 ∩ I 2 , where
Now, if {v, u 2 , . . . , u r } or {w, u 2 , . . . , u r } contains an element which is not a pure power, we proceed as before and obtain a finite number of steps a presentation of I as an intersection of monomial ideals generated by pure powers. That is I is a finite intersection of generalizedparameter ideals. Now, by omitting those ideals which contains the intersection of the others we end up with an irredundant intersection of generalized-parameter ideals.
Next, let I = q 1 ∩ . . . ∩ q r and I = q ′ 1 ∩ . . . ∩ q ′ s be two irredundant decomposition of I as finite intersection of generated-parameter ideals. We need to show that r = s and that
In order to do so, we show that for each i = 1, . . . , r, there exists j = 1, . . ., s such that q ′ j ⊆ q i , and by symmetry we then also have that for each k = 1, . . . , s, there exists l = 1, . . ., r such that q l ⊆ q ′ k . Now, let i ∈ {1, . . ., r}, and we suppose that q ′ j q i for all j = 1, . . . , s, and look for a contradiction. Then, we may assume that Next, as I n for every integer n ≥ 1, is a monomial ideal, it follows from definition that I (n) is also a monomial ideal.
The first application of Theorem 2.3 shows that a monomial ideal is irreducible if and only if
it is a generalized-parameter ideal. 
. , x d be a regular R-sequence contained in the Jacobson radical of R. Then a monomial ideal with respect to x is irreducible if and only if it is a generalizedparameter ideal.
Proof. Let I be a monomial ideal of R with respect to x. If I is irreducible and {u 1 , . . ., u r } is a monomial system of generators of I such that some u i is not a pure power, say u 1 , then we can write u 1 = vw, where u and w are coprime monomials and v = 1 = w. Then
which is a contradiction.
Conversely, let I be a generalized-parameter ideal, and suppose that I is not irreducible. Then there exist integer e i ≥ 1 such that I = x 
By omitting suitable ideals in the intersection on the right-hand side, we derive an irredundant of I. Now the uniqueness statement in Theorem 2.3, then implies that I = q i or I = q ′ j , for some i or j, which is a contradiction.
An important question is when the ordinary and symbolic powers of an ideal in a commutative Noetherian ring are equal. This question has been studied by several authors; see for instance [1, 4, 5, 6, 12] , and has led to some interesting results. The next result shows that the ordinary and symbolic powers of a monomial prime ideal are equal. Proof. Since p is a monomial prime ideal, it follows that p is a generalized-parameter ideal. Hence we can assume that p = x
R, where 1 ≤ s ≤ d and e i ∈ N. As p is prime, it yields that x i 1 , . . . , x i s ∈ p, and so p = x i 1 R + · · · + x i s R. Therefore, since p is generated by a regular R-sequence, it follows from [9, Theorem 125 and Exercise 13] that Ass R R/p n ⊆ Ass R R/p for any n ∈ N. Consequently, Ass R R/p n = {p}, for every n ∈ N, and so p n is a p-primary ideal. Hence p (n) = p n , as required.
SYMBOLIC POWER OF SQUAREFREE MONOMIAL IDEALS AND NORMALITY
Recall that x = x 1 , . . . , x d is a regular R-sequence contained in the Jacobson radical of R. In this section we study some properties of the squarefree monomial ideals with respect to x. Specifically, we show that if I is a squarefree monomial ideal, then Ass R R/I n ⊆ Ass R R/I if and only if I (n) = I n , for every integer n ≥ 1. Also, it is shown that in this case all powesr of I are integrally closed. We begin with the following definition. In the next lemma, we can compute explicit the radical of a monomial ideal. Proof. Let I = u 1 R + · · · + u r R. We show that Rad(I) = rad(u 1 )R + · · · + rad(u r )R. To do this, as rad(u j ) ∈ Rad(I) for every 1 ≤ j ≤ r, it follows that
Now in order to show the opposite inclusion, since Rad(I) is a monomial ideal with respect to x (see Remark 2.4), it is enough for us to show that for each monomial m ∈ Rad(I) there exist monomial m ′ and 1 ≤ i ≤ r such that m = m ′ rad(u i ). To this end it follows from m ∈ Rad(I) that m l ∈ I for some integer l ≥ 1. Hence, in view of [10, Corollary 3] , there exists a monomial m ′ such that m l = m ′ u j for some 1 ≤ j ≤ r. Now it is easy to see that this yields the desired conclusion. 
Since Rad(q i ) = x i 1 R + · · · + x i k R is a monomial prime ideal, the desired conclusion follows from Corollary 3.3. The next lemma is almost certainly known, but we could not find a reference for it, so it is explicit stated and proved here, since it is needed for extending Corollary 2.6 to an arbitrary squarefree monomial ideal; and also this used in the proof of the main result of this section. Lemma 3.6. Let p 1 , . . . , p t be prime ideals of R. Then for any integer n ≥ 1 we have
and for all j = 1, . . . ,t, 
Proof. In view of Corollary 3.5, we have
Hence, it follows from Lemma 3.6 that
Now, as p (k) = p k by Corollary 2.6, we deduce that
We are now ready to state and prove the following main result of this section which is an extension of Corollary 2.6 for an arbitrary squarefree monomial ideal. it follows that I (k) = I k . This proves the equivalence of (i) and (ii). Finally, in order to complete the proof, we have to show that for each k, the ideal I k is integrally closed, i.e., I k = I k . To do this, in view of [10, Proposition 4] , it is enough for us to show that for a monomial m ∈ M in which m l ∈ I kl for some integer l ≥ 1, we have m ∈ I k ; note that by virtue of [10, Theorem 1] the ideal I k is monomial. Now, since by assumption I ( j) = I j for all integer j ≥ 1, and according to Corollary 3.7,
I
( j) = 
